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Wandering intervals and interval exchange maps
Let T : X → X be a map, where X is either an interval or a circle. A
wandering interval for T is an interval I ⊆ X satisfying:
1. the iterates of I by T are pairwise disjoint;
2. the set ω(I ) is infinite.
Let I = [0, 1). A bijective map T : I → I is an interval exchange map
(i.e.m.) if it is a piecewise translation. A bijective map f : I → I is an
affine i.e.m. if it is a piecewise affine map with positive slopes.
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An i.e.m., showing I before and after the transformation.
Camelier and Gutiérrez [CG97] showed that a particular i.e.m. admits
an extension which is an affine i.e.m. with wandering intervals.

Generalised Rauzy fractals and the unique representation property
Fix an eigenvector Γ for β and a letter a ∈ A. We
define the fractal Fa arising from T , β and Γ as the
set of certain complex series over the coordinates of
Γ, renormalised by powers of β –1.
A representation of z ∈ Fa is essentially a possible
way to sum z. Points with multiple representations
always exist.
An extreme point of Fa is a point with minimal real
part for a rotated version of Fa.
Unique representation property
We say that T has the unique representation
property for β and Γ if every extreme point of
every fractal has a unique representation.

Question: Given an i.e.m. T , do there exist affine i.e.m.
with wandering intervals which are extensions of T ?

Affine extensions with wandering intervals
Let T be a fixed self-similar i.e.m., that is, there exists α < 1 such
that the first-return map on [0, α) is, up to rescaling, equal to T . Let
(Ia)a∈A be the finite partition of I on the definition of an i.e.m.
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A self-similar i.e.m. In this example, the interval [0, α) is equal to I1.
There is a natural way to construct a primitive substitution σ on A
from a self-similar i.e.m. Let M be the matrix associated with σ .
Camelier and Gutiérrez [CG97] showed that any affine extension of T
must have a slope vector ` such that log ` lies in the invariant subspace
corresponding to the eigenvalues different from the Perron one.

Proof strategy
Let Ω be the substitutive subshift arising from σ . Let The strategy of the proof is as follows:
γ be an eigenvector for β.
1. Construct ω ∈ Ω with Re(γ n(ω)) ≥ 0.
An affine extension with slope vector exp(– Re(γ ))
2. Choose a suitable ρ > 0 considering the exponenexists if there exists ω ∈ Ω and ρ > 0 such that
tial growth of the words by the substitution.
Re(γ –n(ω))
Re(γ n(ω))
3. Find a representation x of an extreme point by ma>
0,
lim
inf
>
0,
lim inf
n→∞
n→∞
nρ
nρ
nipulating ω.
Ín–1
Ín
–ρ
with γ n(ω) = m=0 γωm and γ –n(ω) = – m=1 γω–m .
4. Assume by contradiction that nk Re(γ nk (ω)) → 0.
The set of full measure in the statement theorem,
5. Find another representation y of an extreme point
which we call the set of good eigenvectors, is reby manipulating shifts S nk (ω) of ω. One has x , y,
lated to Diophantine properties of β and the fractals.
but that they are extreme points for the same
rotation of Fa.
Main result (technical version)
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6. By the contradiction hypothesis, the real parts of
truncated and rotated sums on x and y converge
exponentially fast the same value.

Assume that the conditions of the theorem
hold. If γ is a good eigenvector, one has that
there exists ω ∈ Ω and ρ > 0 such that
Re(γ –n(ω))
Re(γ n(ω))
> 0, lim inf
> 0.
lim inf
ρ
ρ
n→∞
n→∞
n
n

Previous results
log  ∈ Invariant subspaces of M

Some extreme points.

7. By the unique representation property, x and y
represent different extreme points. Together with
(∗), this contradicts that γ is a good eigenvector.

The cubic Arnoux-Yoccoz map
Let α be the real number such that α + α 2 + α 3 = 1. This map is not self-similar, but a primitive substitution can still be associated with it. The matrix M has
The cubic Arnoux-Yoccoz map T is [AY81]:
an simple eigenvalue β satisfying our hypotheses.
α
0
α + α2 1
The Arnoux-Yoccoz map satisfies the unique representation property for β. Thus, for almost every
eigenvector γ for β, exp(– Re(γ )) is the slope vector
of an affine extension of T with wandering intervals.

There exist wandering intervals

This was proven in [CG97; BBH14; BHM10].
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Main result (Cobo–G.–Maass)
Let β be a nonreal unstable eigenvalue of M such that β/|β| is not a
root of unity. Let Γ be an eigenvector for β. If T satisfies the unique
representation property for β and Γ, then, for almost every γ in the
complex subspace generated by Γ, the vector exp(– Re(γ )) is the slope
vector of an affine extension of T with wandering intervals.
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Fractals for the cubic Arnoux-Yoccoz map.
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