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Asymmetric Simple Exclusion Process (ASEP)

local min 7→ local max at rate q
local max 7→ local min at rate p
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ηt(x) ∈ {0,1} is the occupation variable.

We will take q ≥ p, so the interface tends to grow.

The case p = 0, q = 1 (TASEP) is equivalent to last passage percolation.
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Three special classes of initial data (scale invariance)

Ï Step / curved: η0(x) = 1x≥0  h(0,x) = |x|.

Ï Flat / periodic: η0(x) = 1x∈2Z  h(0,x) = 1
2 (1+ (−1)x).

Ï Stationary / Bernoulli: η0 =product of Bernoullis
 h(0,x) =SRW path

There are also three “mixed” cases.



Weakly asymmetric limit

One reason for interest in ASEP is that it has an adjustable
asymmetry γ= q−p.

Setting γ= ε1/2 one has [Bertini-Giacomin ’98, Amir-Corwin-Quastel ’10]

ε1/2h(ε−2t,ε−1x)−Cε(t,x) −−−→
ε→0

H(t,x)

where H(t,x) solves the Kardar-Parisi-Zhang (KPZ) equation

∂tH = 1
2∂

2
xH + 1

2 (∂xH)2 +ξ

with ξ space-time white noise.

Hence the ASEP height function can be thought of as a
discretization of KPZ.
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TASEP (q = 1−p = 1) asymptotics
For TASEP/LPP these six cases can be fully analyzed. Exact
computations based on determinantal structure give exact limiting
distributions.

[2000-07: Baik, Deift, Johansson, Rains, Borodin, Ferrari, Prähofer, Spohn, Sasamoto,...]

For curved i.c., h(0,x) = |x|, we have

PTASEP

(
h(t,0)− 1

2 t

t1/3
≥−r

)
−−−→
t→∞ FGUE(21/3r).

For flat i.c., h(0,x) = 1
2 (1+ (−1)x), we have

PTASEP

(
h(t,x)− 1

2 t

t1/3
≥−r

)
−−−→
t→∞ FGOE(2r).

Limits given in terms of Fredholm determinants are natural in view
of the determinantal structure.

There are also multipoint results, leading to the Airy processes.



Difference between the blue and red curves is an approximate Airy2
process. At each x the distribution is FGUE.

(Simulation by Patrik Ferrari)



Difference between the blue and red curves is an approximate Airy1
process. At each x the distribution is FGOE.

(Simulation by Patrik Ferrari)



Exact formulas for step ASEP

q > p  non-determinantal/“positive temperature” model

By KPZ universality one expects the same scaling and limiting
distributions in the partially asymmetric (ASEP) case.

Most well understood case is the step initial condition:
[Tracy-Widom ’08-’09]

Pstep(
h(t/(q−p),x) ≥ y

)= 1

2πi

∮
dµ

µ

∞∏
k=0

(1−µ(p
q

)k)det(I − J),

J(η,η′) =
∮

dζ
eΨ(ζ)−Ψ(η′)
η′(ζ−η)

∞∑
k=−∞

( p
q

)k( ζ
η′

)k

µ− ( p
q

)k
, Ψ(ζ) =−x log(1−ζ)+ tζ

(1−ζ) + (y+x) logζ.

Obtained by Bethe ansatz. Combinatorial miracles (Cauchy determinant,

Ramanujan summation formula, etc...) lead to the Fredholm determinant.

Significant “post-processing” yields a formula suitable for asymptotic
analysis and the conjectured GUE asymptotics [Tracy-Widom ’08].

The same method yields the conjectured asymptotics for the
step-Bernoulli case [Tracy-Widom ’09].



For step and step-Bernoulli, [Amir-Corwin-Quastel ’10, C-Q ’11]

worked out the weakly asymmetric (i.e. KPZ) limit of these
formulas.

The flat cases remain unclear.

Ï Exact formulas for the ASEP distribution function [Lee ’10].
Not suitable for asymptotics, not even at a formal level.

Ï Non-rigorous physics derivations for flat and half-flat KPZ
[Le Doussal-Calabrese ’12, Le Doussal ’14].

Basic idea of physics derivation:

Ï Let Z(t,x) = eH(t,x) with ∂tH = 1
2 (∂xH)2 + 1

2∂
2
xH +ξ (KPZ eq.).

Ï Find E[Z(t,x)n] by Bethe ansatz.

Ï Leads to formulas for E[Z(t,x)n]. Sum the moments and
interchange limits to write E[e−ζZ ] as

∑∞
n=0

(−ζ)n

n! E[Zn].

Ï But E[Zn] ≈ e
1

24 n(n2−1)! Moment problem is ill-posed.
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Our results: [Ortmann-Quastel-R ’14]

Ï Exact formulas for half-flat and flat ASEP.

Ï Fredholm Pfaffian in the flat case.

Ï Formal critical point analysis leads to the conjectured
asymptotics. Rigorous proofs are work in progress.

I will focus first on the half-flat case η0(x) = 1x∈2Z>0 .



ASEP duality [Sasamoto-Imamura ’10, Borodin-Corwin-Sasamoto ’13]

Suppose there is a left-most particle. Let Nx(t) be the net number of
particles which have crossed to from the left to the right of site x up
to time t. Define

τ= p
q .

Then
u(t;~x) := E[

τNx1−1(t)ηx1 (t) · · ·τNxk−1(t)ηxk (t)
]

is the unique solution of

(1) ∂tu(t,~x) =∑k
a=1

[
pu(t,~x−

a )+qu(t,~x+
a )−u(t,~x)

]
~x±a = (x1, . . . ,xa ±1, . . . ,xk)

(2) When x1 ≤ . . . ≤ xk, xa+1 = xa +1,

pu(t,~x−
a+1)+qu(t,~x+

a ) = u(t,~x).

(3) For x1 < x2 < ·· · < xk

u(0,~x) = u0(~x).



Ï Borodin and Corwin found contour integral formulas for
moments of the q-Whittaker process, arising from their study
of Macdonald processes.

Ï Suitable scaling limit yields formulas for the moments of the
delta Bose gas with δ0 initial condition:
(1)’ ∂t v(t,~x) = 1

2∆v(t,~x),

(2)’
[

∂
∂xa

− ∂
∂xa+1

−1
]

v(t,~x) = 0 when x1 ≤ ·· · ≤ xk and xa = xa+1,

(3)’ k!
∫

x1<···<xk

d~x v(0,~x)f (~x) = f (0) for suitable f .

Here v(t,~x) can be interpreted as v(t,~x) = E[∏a eH(t,xa)
]
.

Ï By analogy, this allowed them to find contour integral formulas
for ASEP with step (and step-Bernoulli) initial conditions:

u(t,~x) = 1

(2πi)k

∫
Ck

d~z
∏

1≤a<b≤k

za −zb

za −τzb

k∏
a=1

(
1−τza
1−za

)xa−1
et(p 1−za

1−τza
+q 1−τza

1−za
−1)

1−za

C is a small circle around 1



ASEP with half-flat initial condition translates into the initial
condition

u0(~x) = τ−k
k∏

a=1
1xa∈2Z>0τ

1
2 xa .

Our solution of the equations in this case is based on a careful study
of E. Lee’s half-flat ASEP formula

P
(
Nx(t) ≥ m

)= (−1)m
∑

k≥m

τ(k−m)(k−m+1)/2

(1+τ)k(k−1)k!

[
k−1
k−m

]
τ

×
∫

Ck
R

d~ξ
∏

i

ξx
i et(pξ−1

i +qξi−1)

(1−ξi)(ξ2
i −τ)

×∏
i 6=j

ξj −ξi

p+qξiξj −ξi

∏
i<j

1+τ− (ξi +ξj)

τ−ξiξj
.



Contour integral ansatz for half-flat ASEP

(1) ∂tu(t,~x) =∑k
a=1

[
pu(t,~x−

a )+qu(t,~x+
a )−u(t,~x)

]
,

(2) pu(t,~x−
a+1)+qu(t,~x+

a )−u(t,~x) = 0 when xa+1 = xa +1,

(3) u(0,~x) = τ−k
k∏

a=1
1xa∈2Z>0τ

1
2 xa for x1 < x2 < ·· · < xk,

is solved by

u(t,~x) = τ
1
2 k(k−1)

(2πi)k

∫
Ck

d~z
∏

1≤a<b≤k

za −zb

za −τzb

1−zazb

1−τzazb

×
k∏

a=1

(
1−τza
1−za

)xa−1
et(p 1−za

1−τza
+q 1−τza

1−za
−1)

τz2
a −1

.

C is a small circle around 1

In the case of half-flat q-TASEP and half-flat semi-discrete
polymers, it appears that such simple formulas do not exist.
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Half-flat KPZ moments
We can similarly solve the delta Bose gas with initial condition
v(0,~x) =∏

a e−θx1x≥0:

v(t,~x) := E
[

k∏
i=1

Z(t,xi)

]
=

∫
~δ+(iR)k

d~z

(2πi)k

∏
a<b

(
za −zb

za −zb −1

za +zb −1

za +zb

)

×
k∏

a=1

1

za
e

t
2

∑k
a=1(za−θ)2+∑k

a=1(za−θ)xa

where δ1 > δ2 +1 > ·· · > δk +k−1 > k−1 and x1 < ·· · < xk.

After some post-processing we recover Le Doussal-Calabrese’s
formulas:

E
[

e−ζZ(t,x)
]
=

∞∑
k=0

1

k!

∫
(iR)k

d~u
∞∑

n1 ,...,nk=1

∏
a

2na
na

Γ(1−2ua−2γ−na)
Γ(1−2ua−2γ) e(n3

a−na) t
12 +natu2

a−γnas+xnaua

× ∏
a<b

Γ(1−ua−ub−2γ− na+nb
2 )Γ(1−ua−ub−2γ+ na+nb

2 )

Γ(1−ua−ub−2γ+ na−nb
2 )Γ(1−ua−ub−2γ− na−nb

2 )

(na−nb)2−4(ua−ub)2

(na+nb)2−4(ua−ub)2



Half-flat ASEP moments
Recall that we obtained a formula for

u(t;~x) := E[
τNx1−1(t)ηx1 (t) · · ·τNxk−1(t)ηxk (t)

]
with x1 < ·· · < xk.

Additional combinatorics + contour deformation yields
(Imamura-Sasamoto ’11, Borodin-Corwin-Sasamoto ’13)

E
[
τmNx(t)]= mτ!

m∑
k=0

1
k!

∑
n1,...,nk≥1

n1+···+nk=m

∫
Ck

d~w

(2πi)k
det

[
−1

waτna−wb

]k

a,b=1

×∏
a

f (wa;na)g(wa;na)
∏
a<b

α(wa,wb;na,nb),

C contour containing −1,0 with −τ−1,τ−1 on outside

with

f (w;n) = (1−τ)na e
t
[

1
1+wa

− 1
1+τna wa

](
1+τna wa

1+wa

)x−1
,

g(w;n) = (−w;τ)∞
(−τnw;τ)∞

(
τ2nw2;τ

)
∞(

τnw2;τ
)
∞

, α(w1,w2;n1,n2) = (w1w2;τ)∞
(
τn1+n2 w1w2;τ

)
∞

(τn1 w1w2;τ)∞ (τn2 w1w2;τ)∞
.

Here the q-Pochhammer symbol is
(
a;q

)
∞ =

∞∏
`=0

(1−q`a).
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τ-Laplace transform and formal asymptotics

Standard q-exponential fn.: eq(x) = 1

((1−q)x;q)∞
=

∞∑
k=0

xk

kq!
.

(series only valid for |x| < 1)

Here kq! = [1]q · [2]q · · · [k]q, with [k]q = 1−qk

1−q .

Summing the moment formula + analytic continuation yields

Ehf[eτ
(
ζτNx(t))]= ∞∑

k=0

1

k!

∫
(δ+iR)k

d~s

(2πi)k

∫
Ck

k

d~w

(2πi)k
det

[
−1

waτsa−wb

]k

a,b=1

×∏
a

π

sin(−πsa)
ζsa f (wa;sa)g(wa;sa)

∏
a<b

α(wa,wb;sa,sb),

Formal critical point analysis shows that the asymptotic
fluctuations are the conjectured ones:

lim
t→∞P

hf

(
h
( t

q−p , t2/3x
)− 1

2 t − 1
2 t1/3x21x≥0

t1/3
>−r

)
=P(

A2→1(2−1/3x) ≤ 21/3r
)

.

Unfortunately, α(wa,wb;sa,sb) is not controlled away from the
critical point.
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2πi

∫
δ+iR
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π

sin(−πs)
(−ζ)sf (s).

This transform determines the distribution of Nx(t).

Formal critical point analysis shows that the asymptotic
fluctuations are the conjectured ones:

lim
t→∞P

hf

(
h
( t

q−p , t2/3x
)− 1

2 t − 1
2 t1/3x21x≥0

t1/3
>−r

)
=P(

A2→1(2−1/3x) ≤ 21/3r
)

.

Unfortunately, α(wa,wb;sa,sb) is not controlled away from the
critical point.



τ-Laplace transform and formal asymptotics

Ehf[eτ
(
ζτNx(t))]= ∞∑

k=0

1

k!

∫
(δ+iR)k

d~s

(2πi)k

∫
Ck

k

d~w

(2πi)k
det

[
−1

waτsa−wb

]k

a,b=1

×∏
a

π

sin(−πsa)
ζsa f (wa;sa)g(wa;sa)

∏
a<b

α(wa,wb;sa,sb),

To compute (formally) the asymptotics the idea is to use the basic
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lim
m→∞E

[
exp

(
−e−λmXm
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= lim

m→∞P
(
Xm > 0

)
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Difference between the blue and red curves is an approximate
Airy2→1 process. The distribution at each x interpolates between
FGOE and FGUE.

(Simulation by Patrik Ferrari)



From half-flat to flat

Recall we have

Ehf[τmNx(t)]= mτ!
m∑

k=0

1
k!

∑
n1,...,nk≥1

n1+···+nk=m

∫
Ck

d~w

(2πi)k
det

[
−1

waτna−wb

]k

a,b=1

×∏
a

(
1−τza

1−za

)x−1

f̃ (wa;na)g(wa;na)
∏
a<b

α(wa,wb;na,nb),

We want to probe into the flat region of the
half-wedge: since here the ASEP height
function satisfies h(t,x) = 2Nx(t)−x, we
have

Eflat
[
τ

1
2 mh(t,0)

]
= limx→∞Ehf

[
τm(N2x(t)−x)

]
.

It turns out that
∣∣∣1−τza

1−za
τ−

1
2 na

∣∣∣< 1 ⇐⇒ |za| > τ1− 1
2 na .

Thus we have to deform za to a circle of radius Ra > τ1− 1
2 na .
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Flat formula

Ï Flat formula is a monster sum of residues collected as we
deform each contour to a circle of radius Ra

Ï Miracle 1: All residues lose dependence on x.

Ï There are two types of poles:
1.

∏
a<bα(wa,wb;na,nb) gives rise to “paired variables”

2.
∏

a g(wa;na) gives rise to “unpaired variables”

We end up with a formula reading like

Eflat(τ
1
2 mh(t,0)) = m!τ

m∑
k=0

∑
ku,kp≥0

ku+2kp=k

1

ku!2kp kp!

∑
(~ς,~nu,~np)∈Λm

ku,kp

× 1

(2πi)kp

∫
Ckp

d~zp I(~nu,~np;~zu,~zp,~z–p)

with C a circle of radius slightly > 1,~zu
a = ςa and z–p

a = 1/zp
a .
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Ï Miracle 2: Massive cancellations and pairing structure of the
variables leads to products of the form

∏
1≤a<b≤2k

yb −ya

yayb −1
= Pf

[
yb −ya

yayb −1

]2k

a,b=1

(Schur Pfaffian identity)

and ∏
1≤a<b≤k

(−ςaςb)ma∧mb+1sgn(ςama −ςbmb)

= Pf
[
(−ςaςb)ma∧mb sgn(ςbmb −ςama)

]k
a,b=1

for positive integers m1, . . . ,mk, and ς1, . . .ςk ∈ {−1,1}.

Here

Pf(A) = 1
2nn!

∑
σ∈S2n

sgn(σ)
n∏

i=1
Aσ(2i−1),σ(2i), Pf(A)2 = det(A).

(A antisymmetric matrix of even size)



Ï Miracle 3: The result can (almost) be written as a single
Pfaffian.

Flat ASEP moment formula:

Eflat
[
τ

1
2 mh(t,0)

]
= m!τ

m∑
k=0

(−1)
1
2 k(k+1)

2kk!

∞∑
m1,...,mk=1,

m1+···+mk=m

∫
Ck

0,1

d~y

× ∏
1≤a<b≤k

τ−
1
2 mamb

k∏
a=1

u(ya,ma)Pf
[
K (~y;~m)

]
with

K1,1(ya,yb;ma,mb) = 4up(ya,ma)1ma=mbδya− 1
yb

+ (−yayb)ma∧mb sgn(ybmb −yama)

×uu(ya,ma)uu(yb,mb)(δya−1 +δya+1)(δyb−1 +δyb+1),

K1,2(ya,yb;ma,mb) = uu(−1,ma)δya+1 −uu(1,ma)δya−1,

K2,2(ya,yb;ma,mb) = τ
1
2 ma ya−τ

1
2 mb yb

τ
1
2 (ma+mb)yayb−1

,

u(z,n) = exp
[

t
(

1
1+τ−n/2z

− 1
1+τ−n/2z

)]
τn(1−τ)n

(
−τ−n/2z;τ

)
∞

(
τ1+nz2 ;τ

)
∞(−τn/2z;τ

)
∞

(
τz2 ;τ

)
∞

,

uu(z,n) = τ− 1
2 nz 1−τnz2

1−τn , up(z,n) = (−1)nτ−n 1+z2

z2−1
.



Flat ASEP moment formula:
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2 mb yb

τ
1
2 (ma+mb)yayb−1
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u(z,n) = exp
[

t
(

1
1+τ−n/2z

− 1
1+τ−n/2z

)]
τn(1−τ)n

(
−τ−n/2z;τ

)
∞

(
τ1+nz2 ;τ

)
∞(−τn/2z;τ

)
∞

(
τz2 ;τ

)
∞

,

uu(z,n) = τ− 1
2 nz 1−τnz2
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.



Flat ASEP moment formula:

Eflat
[
τ

1
2 mh(t,0)

]
= m!τ

m∑
k=0

(−1)
1
2 k(k+1)

2kk!

∞∑
m1,...,mk=1,

m1+···+mk=m

∫
Ck

0,1

d~y

× ∏
1≤a<b≤k

τ−
1
2 mamb

k∏
a=1

u(ya,ma)Pf
[
K (~y;~m)

]

Generating function?
From the formula one can prove that Eflat

[
τ

1
2 mh(t,0)

]
≤ cτ−

1
4 m2

.

In fact, this bound should be close to being sharp, so∑
m≥0

1
m!τ
Eflat

[
τ

1
2 mh(t,0)

]
diverges.

Thus, if we want to sum the moments,
we are forced to premultiply by τ

1
4 m2

.

Additionally, premultiplying by τ
1
4 m2

gets rid of
∏

1≤a<b≤k τ
− 1

2 mamb

and allows one to write the result as a Fredholm Pfaffian.



Flat ASEP moment formula

Recall the standard τ-exponential function

eτ(x) =
∞∑

k=0

xk

k!τ
,

where k!τ = [k]τ[k−1]τ · · · [2]τ[1]τ with [j]τ = 1−τj

1−τ .

The result is that, for ζ ∈C, |ζ| < τ1/4,

Eflat
[

expτ
(
−ζτ 1

2 h(t,0)
)]

= Pf
(
J −K

)
L2[0,∞).

The Fredholm Pfaffian is defined as

Pf
(
J −K

)
L2[0,∞) =

∞∑
n=0

(−1)n

n!

∫
[0,∞)n

Pf
[

K (xi,xj)
]n

i,j=1
d~x

=
√

det(I + JK )L2([0,∞))⊗L2([0,∞)) J = (
0 I−I 0

)
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K ASEP =
(

K1,1 K1,2

−K1,2 K2,2

)

K1,1(λ1,λ2) =
∞∑

m=1

1

2πi

∫
C0,1

dyτ
1
2 m2

ζ2mv(λ1,y,m)v(λ2,1/y,m)u1(y,m)

+
∞∑

m1 ,m2=1

∑
ς1 ,ς2∈{−1,1}

(−ς1ς2)m1∧m2 sgn(ς2m2 −ς1m1)u2(ς1,m1)u2(ς2,m2)

K1,2(λ1,λ2) =−
∞∑

m=1

∑
ς∈{−1,1}

ςτ
1
4 m2

ζmv(λ1,ς,m)u2(ς,m)

K2,2(λ1,λ2) = 1
2 sgn(λ2 −λ1)

with

v(λ,y,m) = 1−τm/2y
1+τm/2y

exp

(
−λ 1−τm/2y

1+τm/2y
+ t

[
1

1+τ−m/2y
− 1

1+τ−m/2y

])

×τm(1−τ)m

(
−τ−n/2y;τ

)
∞

(
τ1+ny2;τ

)
∞(−τn/2y;τ

)
∞

(
τy2;τ

)
∞

,

u1(y,m) = (−1)mτ−m 1+y2

y2−1
, u2(y,m) = τ− 1

2 my
1−τmy2

1−τm .



By formal critical point analysis we can verify that, under the
correct t →∞ scaling, Pf(J −K )L2[0,∞) converges to

Pf

[
J −

(
∂λ2 KAi(λ1,λ2)+1

2 Ai(λ1)Ai(λ2) 1
2 Ai(λ1)

−1
2 Ai(λ2) 1

2 sgn(λ1−λ2)

)]
= FGOE(r),

as conjectured.

Ï The asymptotic analysis of Pf(J −K )L2[0,∞) presents new
technical difficulties.

Ï Additionally expτ behaves very badly on (−∞,0) and in fact

convergence of Eflat
[

expτ
(
−ζτ 1

2 h(t,0)
)]

(suitably rescaled) does

not hold.



Wishlist

Ï Rigorous t →∞ asymptotics.

Ï Rigorous weakly asymmetric limits.

Ï Multipoint distributions (even in the step case).

Ï Universality!


