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n¢(x) € {0, 1} is the occupation variable.
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n¢(x) € {0, 1} is the occupation variable.

We will take g = p, so the interface tends to grow.

The case p=0, g=1 (TASEP) is equivalent to last passage percolation.



Three special classes of initial data (scale invariance)

» Step / curved: no(x) =19 ~> h(0,x)=|xl.

» Flat / periodic: no(x) =lxe2z ~» h(0,x) = %(1 + (—=1)%).

ZAVAVAVAVA VANS

» Stationary / Bernoulli: 1o =product of Bernoullis
~>  h(0,x) =SRW path

There are also three “mixed” cases.



Weakly asymmetric limit

One reason for interest in ASEP is that it has an adjustable
asymmetry y = g — p.

2

Setting v = £!/? one has [Bertini-Giacomin '98, Amir-Corwin-Quastel '10]

e he %t e ) - Ce(t,x) o H(t,x)
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where H(t, x) solves the Kardar-Parisi-Zhang (KPZ) equation
0:H = 305H+10.H)?*+¢

with ¢ space-time white noise.
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Setting v = £!/? one has [Bertini-Giacomin '98, Amir-Corwin-Quastel '10]
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where H(t, x) solves the Kardar-Parisi-Zhang (KPZ) equation
0:H = 305H+10.H)?*+¢

with ¢ space-time white noise.

Hence the ASEP height function can be thought of as a
discretization of KPZ.



TASEP (g =1- p=1) asymptotics

For TASEP/LPP these six cases can be fully analyzed. Exact
computations based on determinantal structure give exact limiting
distributions.

[2000-07: Baik, Deift, Johansson, Rains, Borodin, Ferrari, Prihofer, Spohn, Sasamoto,...]

For curved i.c., h(0, x) = | x|, we have

h(t,0)— 31

TASEP 1/3
P ( 73 E_r)E’FGUE(Z r).

For flat i.c., h(0,x) = 5(1+ (1)), we have

h(t,x)— 31
Ve =>-r P Fgoe(2r).

[FDTASEP (

Limits given in terms of Fredholm determinants are natural in view
of the determinantal structure.

There are also multipoint results, leading to the Airy processes.



Difference between the blue and red curves is an approximate Airy,
process. At each x the distribution is Fgyg.

(Simulation by Patrik Ferrari)
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Exact formulas for step ASEP
q>p ~ non-determinantal/“positive temperature” model

By KPZ universality one expects the same scaling and limiting
distributions in the partially asymmetric (ASEP) case.

Most well understood case is the step initial condition:
[Tracy-Widom '08-"09]

PYP (h(t/ (g~ p),x) 2 y) = me . [Ta-w(2))dettr-,
k=0

k
YO-va) o (5N
u

/N e _ _ t
Jmn) —fd( 7= o Y () =—-xlog1-{)+ a0 +(y+x)log.

Obtained by Bethe ansatz. Combinatorial miracles (Cauchy determinant,
Ramanujan summation formula, etc...) lead to the Fredholm determinant.

Significant “post-processing” yields a formula suitable for asymptotic
analysis and the conjectured GUE asymptotics [Tracy-Widom '08].

The same method yields the conjectured asymptotics for the
step-Bernoulli case [Tracy-Widom ’09].



For step and step-Bernoulli, [Amir-Corwin-Quastel 10, C-Q '11]
worked out the weakly asymmetric (i.e. KPZ) limit of these
formulas.
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For step and step-Bernoulli, [Amir-Corwin-Quastel 10, C-Q '11]
worked out the weakly asymmetric (i.e. KPZ) limit of these
formulas.

The flat cases remain unclear.

» Exact formulas for the ASEP distribution function [Lee '10].
Not suitable for asymptotics, not even at a formal level.

» Non-rigorous physics derivations for flat and half-flat KPZ
[Le Doussal-Calabrese "12, Le Doussal "14].

Basic idea of physics derivation:

v

Let Z(t,x) =’ with 0,H=5(0H)*+505H+¢ (KeZeq).
Find E[Z(t,x)"] by Bethe ansatz.

v

\4

Leads to formulas for E[Z(t, x)"]. Sum the moments and
interchange limits to write Ele %] as Z(ZO:O %[E[Z”].

v

But E[2"] ~ 21" 1| Moment problem is ill-posed.



Our results: [Ortmann-Quastel-R '14]
» Exact formulas for half-flat and flat ASEP.
» Fredholm Pfaffian in the flat case.

» Formal critical point analysis leads to the conjectured
asymptotics. Rigorous proofs are work in progress.

I will focus first on the half-flat case  79(x) = 1xe27_,.



ASEP duality [Sasamoto-Imamura '10, Borodin-Corwin-Sasamoto '13]

Suppose there is a left-most particle. Let Ny(t) be the net number of
particles which have crossed to from the left to the right of site x up
to time t. Define

~
Il
QT

Then
u(t;%) = E [t O @) 7N On ()]

is the unique solution of

(1) deu(t,® =Xk, [pult, %) + qu(t, %) — u(t, %]

(2) Whenx; <...<Xp, Xgr1 =Xa+1,
pu(t,X,.1) + qu(t,X,) = u(t,%).

(3) Forx; <xp <--- <X
u(0,%) = up(3).



» Borodin and Corwin found contour integral formulas for
moments of the g-Whittaker process, arising from their study
of Macdonald processes.

» Suitable scaling limit yields formulas for the moments of the
delta Bose gas with § initial condition:

1) 0:v(t,%) = 2Au(1, %),

2y ai_aa —l]v(t,})zo when x; <--- < xi and x; = X441,
Xa ‘a+1

(3) K f dxv(0,X)f(X) = f(0) for suitable f.
X <o <X

Here v(t,%) can be interpreted as v(z,%) = E[[], /T ].

» By analogy, this allowed them to find contour integral formulas
for ASEP with step (and step-Bernoulli) initial conditions:

_ - -
1—Tza)x“ let(PlfrZzaa +q T8 =1

k
Zq— Zp ( 1-z4
[ 11 Il

l=a<bsk %a~ T2 g=1 -z,

u(t,X) =

@ri)k

Cis a small circle around 1



ASEP with half-flat initial condition translates into the initial
condition

k
=k 1
up(® =7 [ [ Lxpe2z., 72
a=1

Our solution of the equations in this case is based on a careful study
of E. Lee’s half-flat ASEP formula

pk=m)k=m+1)/2 1 1. _ 1

P(Ne() zm)=(-D" ) e m

i L+ 1)k
L el HagimD)
x| d& [[2————
fqﬁ H 1-¢&)EE-1)
] ¢j—¢i 1+T—(fi+§j).
A P+ asigi—Ciig; T4




Contour integral ansatz for half-flat ASEP

(1) d,u(t,® = XK, [pult, %) + qu(t, %) — u(t, )],

(2) pu(t,X,,.,) +qu(t,X,)—u(t,X) =0 when X441 =x4+1,
k

N _ 1
3) u0,x)=t k 1_[ lxaezz>0‘l’2x“ forx; <xp <--- < xp,
a=1
is solved by
L (e
o pzkleD) Za—2p 1— 242
u(t,x) = .y Z
(271) Ck ep<hekfa—TZp 1 —T242p

ﬂ)x“_l PP+ e )

(1—za
<11 1221

a=1

Cis a small circle around 1
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1
L rzkk=D Za—zp 1—2zaz
u(t,x) = > Z
@ai* Jok  cich<kBa— T2 1 —T242p
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In the case of half-flat g-TASEP and half-flat semi-discrete
polymers, it appears that such simple formulas do not exist.



Half-flat KPZ moments

We can similarly solve the delta Bose gas with initial condition
v(0,%) = [ae " Lizo:

k
v(,%):=E ][ 2 x)
i=1

_f dz Za—2p Zgtzp—1
s+amk 2Dk o \za—2zp—1 za+2zp

x H —eZt a=1(Za— 9)2"'2 (2a—0) X4
a=1%a

where 61 >0, +1>--->0+k—-1>k—-1land x; <--- < x¢.

After some post-processing we recover Le Doussal-Calabrese’s
formulas:

E[e_(z(t‘x)] - OZO: ]11[ diL Z H 2na M (3 —nq) % 17 FRqtuie—Y ngstxnqla
(1IR

I'A-2uq—-2y)
T -ttg—ttp-2y— 2420 (1 - g -y~ 2y+ D) (- mp)2 —4(ug—1p)?
a<h F(l—ua—ub—2y+n 2L (1 - ug— =2y - "2 b) (na+np?—4(ug—up)?



Half-flat ASEP moments

Recall that we obtained a formula for

u(t;x):=E [TNXI’I(UT]XI (GE "Tka’l(t)T]xk(t)] with X} <-+- < Xg.

Additional combinatorics + contour deformation yields

(Imamura-Sasamoto '11, Borodin-Corwin-Sasamoto '13)

k
a,b=1

E[z"™0] = m;! " L 2 f aw det[ -1
. =0 M ny,...,n=1 ck (Zﬂi)k

ny+--+n=m

x Hf(wa, 1) §Wa; na) [ | a(wWa, wy; ng, np),

WaT"a—wy,

a<b
C contour containing —1,0 with 1 s 771 on outside
with
1 1 ng x-1
f(w;n):(lfr)"aet[ 1+wa 1+r”awul M) ,
1+wg
2 . . + .
gwsm=—C w’”°° (2" 7)o (w1 W95 D)oo (T2 w1 93 T) o,

, alwy, w;ng,ng) =
") 1, W2; Ny, N2

"W)oo (T (M W w23 T) oo (T2 W) W5 T

[e.°]
Here the g-Pochhammer symbolis (@ q), = [](1 -4 a).



Half-flat ASEP moments

Recall that we obtained a formula for

u(t;x):=E [TNXI’I(UT]XI (GE "Tka’l(t)T]xk(t)] with X} <-+- < Xg.

Additional combinatorics + contour deformation yields

(Imamura-Sasamoto '11, Borodin-Corwin-Sasamoto '13)

ul dww k
mNx()] _ 1 -1
[E[T ! ] =my! x Z fk Nk det[war”a—wb =1
— — k=0 11y =1 C (27'[1) a, =
=1 n+-+np=m
x Hf(wa, 1) §Wa; na) [ | a(wWa, wy; ng, np),
a<b
C contour containing —1,0 with 1 s 771 on outside
with
1 1 n x-1
f(w,n):(171)"aet[1+'m71+rnawul(w) ,
1+wg
2nw2, . ny+ny .
) = (w,r)oo (T 7)o oy, win n)_(lszyr)oo(T w1 W;T) o
T ET W e (TMAT) b L T M W W 1) g (2 W Wi Dy

[e.°]
Here the g-Pochhammer symbolis (@ q), = [](1 -4 a).



7-Laplace transform and formal asymptotics
1 o xk
(1= 9% Poo ; kgt

(series only valid for |x| < 1)

Standard g-exponential fn.:  e4(x) =

=

Here ko= [1lg-[2lg -+ [Klg with [Klg="L.



7-Laplace transform and formal asymptotics
1 © xk
(1= 9% Poo Z kgt

(series only valid for |x| < 1)

Standard g-exponential fn.:  e4(x) =

=

Here kgl=[1lg 2]y [Klg with [Klg=""L.

Summing the moment formula + analytic continuation yields

das div _ k
[Ehf[e ((TN (1) )] _ Z f det[ u}mal_lub]a’b:1

e+irr 2mi)k Jok (2mik
<1

4 sin(—msg)

05 f(Wa; $2) 8 Was sa) | | a(wa, wy; sa, 1),
a<b

Here we are rewriting the sums in the n,’s through the Mellin-Barnes
integral representation:

> {"fm) =

s
=1 2m S+iR s1n( TS)

=O°f (9.

This transform determines the distribution of N, ().



7-Laplace transform and formal asymptotics

das dw k
hf Ne(DY] -1
E [e ((T )] Z S +iR)E (27[1)’6/;"‘ (27[1)/6 det[ WaTa—wy, ab=1

7[ S,
XN | ———Cf (W Sa) §(Wa; Sa) | | a(Wa, W; Sa, Sp),
l;[SIIl(—ﬂSa)( f a> Sa) §(Wq a}:[b 'a» Wh; Sa» Sh.

To compute (formally) the asymptotics the idea is to use the basic
trick that for a fixed sequence A,, /" co and a sequence of random
variables X,

lim E exp(—e_l'”xm)] = lim P(X;,>0).

m—oo m—oo
er (x) behaves sufficiently like exp(x) for x € (—o0,0) so that this is

still true.



7-Laplace transform and formal asymptotics

das dw k
hf Ne(DY] -1
E [e (CT )] Z S +iR)E (Zﬂl)k\/;'k (27T1)k det[ WaTa—wy, a,b=1

71' S,
X N | ———C"f (W Sa) 8§(Wa; Sa) | | a(Wa, W; Sa, Sp),
1;[811’1(—71'8“)( f > Sa) §(Wq a}:[b 'a» Wh; Sa» Sh.

Formal critical point analysis shows that the asymptotic
fluctuations are the conjectured ones:

B, 25) Lt~ 122 1

: hf
lm P e > -1

=P(sto1 (2732 <2!37).

Unfortunately, a(w,, wy; s4, Sp) is not controlled away from the
critical point.



Difference between the blue and red curves is an approximate
Airy,_,, process. The distribution at each x interpolates between
FG()E and FGUE-

(Simulation by Patrik Ferrari)



From half-flat to flat

Recall we have

k
a,b=1

hf [ _mNy(t) s 1 dw -1
E [T * ]:mT!ZP Z ‘kdet[wrna—w
k=0 e, =1 ck (2mi) “ b
nm+--+ng=m

1-72,)\"7" .
<[] F(wa; na) g(wa; na) [ | a(wa, wp; ng, np),
a\l—2z a<b



From half-flat to flat
Recall we have

k

Eht [Tm(Nx(t)— %)

o d_
= mT-kZ, x Z et[warna—wb ab=1
-0 )

Ny n=1 ck (27“) k
n+--+n=m

1-724 _1, "'
XH(—T 2 “) F(wa; na) g(wa; na) [ | a(wa, wp; ng, np),

a\ll—-zg a<b

We want to probe into the flat region of the
half-wedge: since here the ASEP height
function satisfies h(t, x) = 2N, () — x, we
have

[Eﬂat[T 1mh(1,0) ] = limy_. oo EPF[7Nex(®=9 ]

— 1
It turns out that ‘ 1t2 =5

1-1in,
T <l < |z4l>71 2",
—Z

. . _1
Thus we have to deform z, to a circle of radius R, > 7!~ 2",



Flat formula

» Flat formula is a monster sum of residues collected as we
deform each contour to a circle of radius R,

» Miracle 1: All residues lose dependence on x.
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Flat formula

» Flat formula is a monster sum of residues collected as we
deform each contour to a circle of radius R,

» Miracle 1: All residues lose dependence on x.

» There are two types of poles:

1. Tla<p @(wgy, wp; ng, np) gives rise to “paired variables”
2. T1.8(wg ng) gives rise to “unpaired variables”

We end up with a formula reading like

m
flat L mh(t,0 1
[Ea(sz( )):m!TZ Z W Z
k=0 kukp=0 Ku!2%kpl @ g moyenn
ky+2ky =k P

x dz? 17", 7P; 2%, 2P, 27P)

(27i) ko Joko

with C a circle of radius slightly > 1, 24 = ¢, and z,” = 1/2,.



» Miracle 2: Massive cancellations and pairing structure of the
variables leads to products of the form

Yb—Ya 2k

Yayp—1

Yb—=Ya — Pf
1=a<b<2k YaVb—1

a,b=1

(Schur Pfaffian identity)
and

[T (=casr)™ ™ sgn(cama—cpmyp)
l<a<b<k

k
= Pf[(=Gacp) """ sgn(Crmp — GaMa) | )
for positive integers my,..., my, and ¢1,...¢r € {—1,1}.
Here

P(A) = 5= Y. sgn(0) [[Asei-noey PHA? =det(A).

TE€Sn =1 (A antisymmetric matrix of even size)



» Miracle 3: The result can (almost) be written as a single
Pfaffian.



Flat ASEP moment formula:

fat [ Lmh(.0) m (_l)gk(k+1) [ee)

E [12 ’ ]zm!fg _ E dy
- 2kk! -1 Jcr
k=0 my,...,mi=1, 0,1

My +-+me=m

L k
x [ t72™" [] ua ma) PEKG; )]

1<a<b<k a=1
with

Ki,1War Vi3 Ma» mp) = 4tip (Ya, M) Ling=my, 0, _ 1+ (=Yayp) " N"bsgn(ypmy — yama)
b

Ya—=
x tu (Ya, Ma) ua (Vp, Mp) Gy,—1 + 8,41 6y, -1 + 6y, +1),
Ki,2(Va> ypr Ma, mp) = tu (-1, ma)5ya+1 —uu(1, ma)by,-1,

Lm
12 ayg-r} "oy

K: YV Ma, M,
2,2(Ya Vb3 Ma, Mp) = (mu+mb)

Yayp— v
—1’"/2z;'r] (TH"ZZ;T)
_ 1 _ 1 Ny _\h 0 o
u(z'n)_exp[t(1+r’"/zz 1+r’”/2z)]r 1-n (1257) o (17257) e

nl'rz2

uy(z,m) =1 2"2 , up(z,n)

=(- 1)" -n 1+z2




Flat ASEP moment formula:

1
[Eﬂat[_[%mh(t,())] —m i Lk(kﬂ) i dy
’ 2k e
k=0 : My, Me=1, <t

k
x 1 72" [] ulya ma) PEKG; )]

l<a<bs<k a=1

Generating function?

1m2

From the formula one can prove that Ef12¢ [r 3

In fact, this bound should be close to being sharp, so
1

Y =0 A B0 [72ML0] diverges.

Thus, if we want to sum the moments,
1.2
we are forced to premultiply by 74 .

1
5 MMy

Additionally, premultiplying by Tim gets rid of [[1 <4< p<i T2
and allows one to write the result as a Fredholm Pfaffian.



Flat ASEP moment formula

Recall the standard 7-exponential function

ooxk

erx)=) —,
=y E

where k!; = [k];[k—1];---[2];[1]; with [j]; = 11__11‘.

T



Flat ASEP moment formula
Instead we will use the

Symmetric T-exponential fn.:

0O -y xK
exp;(x) = Z T 4 o
k=0 T

which satisfies
exp, (x) = exp;-1(x).



Flat ASEP moment formula
Instead we will use the

Symmetric T-exponential fn.:

0O -y xK
exp;(x) = Z T 4 o
k=0 T

which satisfies
exp, (x) = exp;-1(x).
The result is that, for { € C, || < T'/4,

phlat exp,(—(T%h(t'O))] =Pf(J-K) . [0,00)°

The Fredholm Pfaffian is defined as
[eo) _1 n
S [ Pf[K(xi,xj)]'?, a5
[0,00)” l,_]=1

Pf(]_K)LZ[O,oo) = Zb
= \/ det +JK) 2o,consrztocen T =(214)

=0 N




x 1,2
KA =Y — | dyr2™ 2Mudy,y, mvda, 1y, m)uy (y, m)
m=1271JCy
(]
+ 0y Y (=c162)™M M 2sgn(gamy — c1my) uz (1, my) Uz (G2, mp)

my,mp=1¢1,62€{-1,1}
e ln’l2 m

KoM, A2)==Y Y ¢cti"™ {MuA, ¢, muz(s, m)
m=1¢e{-1,1}

Kp,2(A1,A2) = 3sgn(Az - A1)

with

_mi2 _ mil2
VA, y,m) = = yexp(—/ll Ly

1+7M/2y 1+7m/2y

1 _ 1
1+T—m/2y 1+r‘m/2y
(_T—nlzy; T)oo (TH"yZ; T)oo
720 T)0 (1F5T) oo

__pym—m 1+ __—im 17"
wm(yym=-"t yzi—l' up(y,m=1 2 J/W~

xtM1-1)™



By formal critical point analysis we can verify that, under the
correct ¢ — oo scaling, Pf(J — K) 29 ) converges to

1.,. . 1,.
01, Kai(A1,A2)+5 Ai(A1)Ai(Az) 5 Ai(L)
Pf[]—( : 2 2 ) = Fgor(n),

~Lai 1sgn(d1-12)

as conjectured.

» The asymptotic analysis of Pf(J — K) 29 ) presents new
technical difficulties.
» Additionally exp, behaves very badly on (-o0,0) and in fact

convergence of Eflat [expT (—( T 2h(60) )] (suitably rescaled) does
not hold.



Wishlist

» Rigorous ¢ — oo asymptotics.

v

Rigorous weakly asymmetric limits.

v

Multipoint distributions (even in the step case).

v

Universality!



